In this paper, a variational base is derived for locating the point of onset of dynamical instability along a sequence of differentially rotating configurations. The underlying idea is to seek the conditions for the existence of quasi-stationary, nonaxisymmetric modes of deformation in frames of reference rotating with various preassigned angular velocities.
I. INTRODUCTION
In a recent paper (Chandrasekhar and Lebovitz 1973 ; this paper will be referred to hereafter as Paper II) a variational base for locating a Dedekind-like point of bifurcation along a sequence of differentially rotating configurations was derived. The method consists in determining whether a configuration allows, in an inertial frame, a quasi-stationary, nonaxisymmetric deformation with a dependence on the azimuthal angle </) of the form e im<l) 9
where m is an integer greater than or equal to 1. It was, however, emphasized that the notion of a neutral point (where an instability of some sort could set in) for a rotating system is ambiguous: the ambiguity arises from the freedom we have in the choice of the coordinate frame in which we may seek the neutral mode. On this account, the possibility of a neutral deformation need not necessarily be a signal that some instability will set in. Accordingly, it would be useful if a criterion for the onset of dynamical instability can be given, since its onset cannot depend on the choice of frame. In this paper, we shall show how by a simple generalization of the analysis of Paper II, we can establish a criterion for the onset of dynamical instability by a nonaxisymmetric mode of overstable oscillations.
II. THE BASIC IDEA
Suppose that in the inertial frame, the configuration allows a nonaxisymmetric mode of oscillation described by a Lagrangian displacement of the form ^nertial^, 0 = í a (^5 ^y (<TÍ + m<í,) (oí = TU", z) ,
where (to-, z, 4>) define a system of cylindrical polar coordinates, m is an integer greater than or equal to one, and <7 is a characteristic frequency. We now inquire 1 how this deformation will appear to an observer at rest in a frame rotating with a uniform angular velocity Q 0 -Let <£o denote the azimuthal angle in the observer's rotating frame. It is related to the angle (f> in the inertial frame by <£o = <l> -.
Accordingly, the displacement will appear to the observer in the rotating frame as
From equation (3) it follows : so long as a is real and the mode of oscillation is a stable one, there exists an O 0 (= -a/m) such that, for an observer, at rest in a frame rotating uniformly with this angular velocity D 0 , the mode will appear as one associated with a neutral deformation; and the signal for the onset of dynamical instability is when two such values of D 0 coincide to become complex conjugates. From the foregoing, it is clear that what we have to seek is the condition for the occurrence of a neutral mode of deformation with a ^-dependence e im(t> in a frame of reference rotating with some initially specified angular S. CHANDRASEKHAR Vol. 187 velocity ü 0 -From such determinations of D 0 along a sequence of configurations, we can locate the point at which dynamical instability will set in: it is the point where two allowed values of D 0 coincide.
III. THE EQUATIONS GOVERNING STATIONARY NONAXISYMMETRIC SYSTEMS IN A ROTATING FRAME
In a frame of reference rotating with a uniform angular velocity O 0J the hydrodynamic equations governing a perfect fluid in a stationary state, and in gravitational equilibrium are and Dtr = v^ + _ I|p + Q v + 2FQ 0 US w cm p cm Dv* d® l dp ds dz p dz (4) ( 5) where v™, v 2 , and V (=mQ¡) are the linear velocities along the three principal directions, 53 is the Newtonian gravitational potential, p is the density, p is the pressure, and
Besides, we have the equation of continuity and Poisson's equation; these have the same forms as in the inertial frame. But the Bernoulli integral has a different form; we now have
where H denotes the thermodynamic internal energy (per unit mass).
a) The Equations Governing Equilibrium As our initial equilibrium configuration (which we shall presently subject to quasi-stationary deformations) we shall consider one which is stationary and axisymmetric and in which only rotational motions (specified by Q) are present:
It should be noticed that Q is the angular velocity as viewed in the rotating frame. The angular velocity D¿, in the inertial frame, is given by
Corresponding to Q 0 and D*, we have the linear velocities V 0 = mQ, 0 and Vi = mili == m (^ + f^o) = V + V 0 .
From equations (4) and (5), we readily verify that the equation governing equilibrium is
p equation (12) is, in fact, the same as the equation in the inertial frame (cf. Paper II, eq. [8]). And again, by virtue of equation (9), p=p(p).
TV. THE EQUATIONS GOVERNING INFINITESIMAL QUASI-STATIONARY, NONAXISYMMETRIC DEFORMATIONS
We shall suppose that a configuration, initially axisymmetric, stationary, and governed by equations (8), (12), and (13) 
and where V8V = -1 Sp + S2J -2-m^QQi -P '
The linearized 
Equations (23) and (24) provide three dynamical equations, while equations (18) and (22) are to be considered as providing initial-value equations. These equations must be supplemented by the boundary conditions Js (26) The manifest symmetry of this equation in the barred and the unbarred quantities, clearly implies that we can formulate a variational base for solving the characteristic-value problem specified by equations (18), (22), (23), (24), and (25). Instead of Paper I, equation (31), we now have 
where it should be remembered that D = (Of -Q 0 ) is the angular velocity in the rotating frame. Equation (29) (31) where §> is the solution of the equation
a) Verification of Equation (31) for the Maclaurin Sequence
We shall now verify that equation (31) 
since this quantity is proportional to Ap. By measuring angular velocities in the unit (nGp) 112 , we obtain from equation ( The surface integral in equation (38) 
and this is indeed the point where dynamical instability sets in along the Maclaurin sequence.
VII. CONCLUDING REMARK
In view of the doubts that have sometimes been expressed concerning the criteria, for the stability of differentially rotating stars, that have been derived by the method of the tensor virial, it would be useful to have those results confirmed by making use of the variational principle derived in this paper.
